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Unified Analytic Electron Interaction Integrals Over Slater Orbitals
for Diatomic Molecules
E.V.Rothstein
evrothstein@gmail.com
A unified formula for the analytical evaluation of two-center ex-
change, hybrid and coulombic type integrals is presented.
INTRODUCTION
A formula for the analytic evaluation of two-center electron interaction
integrals is presented. The terms in the sum have been checked1
FORMULA
Φic(j) = (−)(mi−|mi|)/2(2δi)ni+ 12
[
(2li + 1)(li − |mi|)!
4pi(2ni)!(li + |mi|)!
] 1
2
× eimiφjrni−1jc e−δirjcP |mi|li (cosθjc)
i = orbital number with quantum numbers ni, li, mi and screening con-
stant δi . c = center, centered on nucleus a or b . Φic(j) = Normalized
Slater Orbital for electron j, in spherical coordinates centered on center
c.
I = integral to be evaluated known as the two-center exchange inte-
gral
I = 〈Φ1a(1)Φ3b(1) 1
r12
Φ2a(2)Φ4b(2)〉
I = δ(
∑
mi)δ(|σ| − |m2 +m4|)W
∑
k
Ck(g1k, g2k, r1k, r2k)
×
∑
µ=|σ|
(2µ+1)B(µ, g1k, β1, |σ|)B(µ, g2k, β2, |σ|)A(µ, r1k, r2k, α1, α2, |σ|)
(1)
The δ in [Eq. ( 1 )] is the Kronecker delta. The first sum is finite over
k ( the set of g1k, g2K , r1k, r2k generated by the four orbitals) . The
second sum is finite if either or both the β ’s = 0 . If β1 = 0 the sum
over µ is restricted so the µ + |σ| + g1k is even and the upper limit of
the summation is g1k + |σ| . If neither of the β’s = 0 the upper limit is
infinite. Some notation: P
|m|
l (cosθ) = Associated Legendre function of
the first kind. ( see Ref. 2 , 8.6.6 ) R = internuclear distance between
1
2a and b nuclei.
α1 =
R
2
(δ1 + δ3); α2 =
R
2
(δ2 + δ4); β1 =
R
2
(δ1 − δ3);
β2 =
R
2
(δ2 − δ4); W = R
∑
ni+1Πδ
ni+1/2
i
W = δ1(α1+β1)
n1−1/2(α1−β1)n3+1/2(α2+β2)n2+1/2(α2−β2)n4+1/2
W =
1
R
(α1+β1)
n1+1/2(α1−β1)n3+1/2(α2+β2)n2+1/2(α2−β2)n4+1/2
∑
k
Ck(g1k, g2k.r1k, r2k) = (−)l3−|m3|+l4−|m4|
(
1
2
) n1−l1∑
a1=0
n3−l3∑
b1=0
×
n2−l2∑
a2=0
n4−l4∑
b2=0
(−)b1+b2
(
n1 − l1
a1
)(
n3 − l3
b1
)(
n2 − l2
a2
)(
n4 − l4
b2
)
×
4∏
i=1


[
(2li + 1)(li − |mi|)!(li + |mi|)!
(2ni)!
]1/2 [(li−|mi|)/2]∑
si=0
2si∑
pi=0
×
li−|mi|−2si∑
qi=0
(−)si+q3+q4+p3+p4
2lili!
(
2li − 2si
li − |mi| − 2si
)(
li
si
)
×
(
li − |mi| − 2si
qi
)(
2si
pi
)
}
(|m1|+|m3|−|σ|)/2∑
c1=0
(|m2|+|m4|−|σ|)/2∑
c2=0
×
(|m1|+|m3|−|σ|)/2∑
di=0
(|m2|+|m4|−|σ|)/2∑
d2=0
(−)c1+c2+d1+d2
×
(
(|m1|+ |m3| − |σ|)/2
c1
)(
(|m1|+ |m3| − |σ|)/2
d1
)(
(|m2|+ |m4| − |σ|)/2
c2
)
×
(
(|m2|+ |m4| − |σ|)/2
d2
)
. (2)
3The square brackets in the upper limit of summation over si is
1
2
(li −
|mi|) or 12(li − |mi| − 1) whichever is an integral.
g1 = p1 + p3 + q1 + q3 + a1 + b1 + 2c1,
g2 = p2 + p4 + q2 + q4 + a2 + b2 + 2c2,
r1 = 2(s1+s3+d1)+q1+q3−p1−p3+n1+n3− l1− l3−a1−b1,
r2 = 2(s2+s4+d2)+q2+q4−p2−p4+n2+n4−l2−l4−a2−b2, See footnote 3
B(µ, g, β, |σ|) =
(−∂
∂β
)g√
2pi
Iµ+1/2(β)
β |σ|+1/2
,
Iµ+ 1
2
(β) = modified spherical Bessel function of the first kind
( see 10.2.2 Ref. 2 )
If β = 0 then, B(µ, g, β, |σ|) =
(−)µ−|σ|2µ+2(1+g+|σ|g+|σ|−µ
2
)
(1 + |σ|)!(g+|σ|+1
g
)(2+g+|σ|+µ
1+ g+|σ|+µ
2
)
If β 6= 0 then, B(µ, g, β, |σ|) = (−)
µ+1
β |σ|+1
µ∑
k=0
µ!
(µ− k)!
(
µ+ k
k
)
× 1
(2β)k
g∑
j=0
(
g
j
)(
k + |σ|+ j
j
)
j!
βj
[
(−)k+j+g+µ+1eβ + e−β]
In practice this latter formula was not used. The ascending
series formula proved to be more accurate ( less roundoff errors )
for β 6= 0 and 2k + µ− |σ| ≥ g, then,
B(µ, g, β, |σ|) = (−)g2µ+1βµ−|σ|−g
∞∑
k=0
β2k
(
µ+2k−|σ|
g
)
g!
k!µ!(k+1)!(
2µ+2k+1
µ+k
)(
µ+k+1
µ
)
(3)
4A(µ, r1, r2, α1, α2, |σ|) =
(−∂
∂α1
)r1 (−∂
∂α2
)r2 ∫ ∞
1
∫ ∞
1
dξ1dξ2
× (ξ21 − 1)|σ|/2(ξ22 − 1)|σ|/2P |σ|µ (ξ1<2)Q|σ|µ (ξ2>1)e−α1ξ1e−α2ξ2
=
e−(α1+α2)
22µ+1
[
(µ+ |σ|)!
µ!
]2 [µ+|σ|2 ]∑
k=0
(−)k
(
2µ− 2k
µ− |σ|
)(
µ
k
)
×
[µ+|σ|2 ]∑
p=0
(−)p
(
2µ− 2p
µ− |σ|
)(
µ
p
)
{
k1∑
n1=0
k1!
(k1 − n1)!αn1+11
k2∑
n2=0
k2!
(k2 − n2)!αn2+12
[ ln
(
2α1α2
α1 + α2
)
+ (−)n1+n2+k1+k2+1e2(α1+α2)E1(2α1 + 2α2)
+ (−)k1+n1e2α1E1(2α1) + (−)k2+n2e2α2E1(2α2) + γ ]
+
k2∑
n2=1
1
n2
k2−n2∑
j2=0
k2!
(k2 − n2 − j2)!
k1∑
n1=0
[
−k1!
(k1 − n1)!
1
αn1+11 α
n2+j2+1
2
+
k1!
(k1 − n1)!(−)
k2+n2+j2
n2−1∑
t=0
2n2−t−1
(n2 − t− 1)!αn1+11 αj2+t+22
+
n1∑
j1=0
k1!
(n1 − j1)! (
(
k1 + n2 − n1 − 1
k1 − n1
)
1
αj2+12 (α1 + α2)
k1+n2−n1αj1+11
+
n2−1∑
t=0
(−)k2+n2+j2+12n2−t−1
(n2 − t− 1)!
(
t+ k1 − n1
t
)
1
αj2+12 (α1 + α2)
k1+t+1−n1αj1+11
) ]
+
k2∑
n2=0
k2!
(k2 − n2)!
k1∑
n1=1
1
n1
k1−n1∑
j1=0
k1!
(k1 − n1 − j1)! [
1
αj1+11 α
n2+1
2 (α1 + α2)
n1
− 1
αn1+j1+11 α
n2+1
2
+
n1−1∑
t=0
(−)k1+j1+n12n1−1−t
(n1 − t− 1)! (
1
αj1+t+21 α
n2+1
2
+
(−)k2+n2+1
(α1 + α2)t+1α
j1+1
1 α
n2+1
2
) ] }+e
−(α1+α2)(µ+ |σ|)!
22µµ!
[µ+|σ|
2
]∑
k=0
(−)k
(
2µ− 2k
µ− |σ|
)
×
(
µ
k
)
[
|σ|∑
κ=1
(−)κ|σ|!
κ
(
µ+ |σ| − κ
µ
) [κ−1
2
]∑
j=0
(
κ
κ− 2j − 1
) [µ+|σ|−κ
2
]∑
n=0
(−)n
×
(
2µ− 2n
µ− |σ|+ κ
)(
µ
n
)
−
[
µ−|σ|−1
2
]∑
j=0
(2µ− 4j − 1)(µ− 2j − 1 + |σ|)! 22j+1
(2j + 1)(µ− j)(µ− 2j − 1)!
×
[
µ+|σ|−2j−1
2
]∑
n=0
(−)n
(
2(µ− 2j − 1− n)
µ− 2j − 1− |σ|
)(
µ− 2j − 1
n
)
]
5× [
ko
1∑
n1=0
ko1!
(ko1 − n1)!
f2∑
n2=0
(
n1 + f2 − n2
f2 − n2
)
×
n2∑
j2=0
f2!
(n2 − j2)!αj2+12 (α1 + α2)f2+n1−n2+1
+
k2∑
n2=0
k2!
(k2 − n2)!
f1∑
n1=0
(
n2 + f1 − n1
f1 − n1
)
×
n1∑
j1=0
f1!
(n1 − j1)!αj1+11 (α1 + α2)f1+n2−n1+1
] .
E1(x) = Exponential integral ( 5.1.1. Ref. 2 )
γ = Euler’s constant ( table 1.1 Ref. 2 )
k1 = µ+ |σ| − 2p+ r1, k2 = µ+ |σ| − 2k + r2,
ko1 = µ+ |σ| − 2k + r1, f1 = µ+ |σ| − 2(n+ j)− 1 + r1,
f2 = µ + |σ| − 2(n + j)− 1 + r2, (4)
1. E.R.Chan, Chem. Phys. Lett., 23 ,99 (1973) .
2. M. Abramowitz and I.A.Stegun, editors, Handbook of Mathematical
Functions, ( Dover, New York)
3.
HybridIntegral = 〈Φ1a(1)Φ3a(1) 1
r12
Φ2a(2)Φ4b(2)〉
α1 = β1 =
R
2
(δ1 + δ3); α2 =
R
2
(δ2 + δ4); β2 =
R
2
(δ2 − δ4);
CoulombIntegral = 〈Φ1a(1)Φ3a(1) 1
r12
Φ2b(2)Φ4b(2)〉
α1 = β1 =
R
2
(δ1 + δ3); α2 = −β2 = R
2
(δ2 + δ4);
These changes result in changes in the set of g1k, g2k, r1k.r2k.Ck .
